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Theory of complements : Ñ=lK ,
char 1K -0

, Q - division

e

Definition : t.X.LI log pair ✗ → Z

proj
contraction . Let 2- c- Z a closed point .

A ② - complement is an effective B'3<1 for which :

around Z .

1) ( ✗ , B) has log canonical sing over a neighborhood of ZEZ .

2) Hx +8=2-0 on 2 neighborhood of 2-C-Z .

In this case we say
that IX. a) is ②- complemented

over

ftp.eprei#-Rhoot-f2-o--ZRmnr:HxtB=zO--HxtB~o
,zo (by work of

Fujino 2nd Goygol .

Example : 2- =pt . 4--0 . A Q - complement is

nothing else than an effective divwor 0≤Bro - Hx

for which (XB ) has log canonical
sing ,

i.e.
,

log CT structure on X .



Example : 11¥ → pt . Or - complement .

?"ⁿ ④
'

1-comp

CAD? Lt Litt> ) ( Ltc ) ( E)

Cd'

E* ✗
CID 's £4T --

• + £2s ) ( It ! { 1. + {Let c) CID? ICI)

2- comp .

2- comp . d- comp .



Example : ✗→ Z
,
xex a closed

.

Then a Q - complement is the structure of a Ic
sing

around a

✓
1- comp .

Te

Example : (Dni ◦ I ←

☒¥
✓
2-comp a a

(Dn , Cio ) strictly Ic ,
② - complement .

(Dn , { Cit lzczio ) strictly lc
,
②- complement .

[
2- comp -



Definition : Let CX.LI ) be a log pair &

✗→ 2- be a projective contraction
.

Let Al be a positive integer & 2- c- 2- a closed point .

We
say

that B- 30 on ✗ is a N - complement over 2-c-Z .

if the following conditions are satisfied :

it ( X , B ) is log canonical over a neighborhood of 2- c- 8 .

in NCH✗ + B) ~zO after possibly shrinking around ZGZ
-

in, NB 3 NLD] + LCN +1121 ] ru Diophantine approx .

If NB ≥ No , then we say
it is a monotone N - comp .

D= {i-1-nlnc-s.it}

Rmn Ii Z=pt , - O
,

N- complement , is

an element of 1-NAI with nice sing .

Rmr 2 : ✗→ 2- identity and ✗ c- × .

A N- complement is the structure of a losing with prescribed index.



Conj : Let C- Q .
LTEQ and satisfies the DCC .

Let n be a positive integer . There exists N NCn.LI )

that satisfies the following .

of dimension he

Let cx.at be a log pair & ✗→ 2- pros wntn

coeff (d) ELL . & 2-c-2- a closed point
If CX.LI ) is ② - complemented over 2- c- 2-

,
then

(✗id ) is N - complemented over 2-•2- .

Phrasing : If a variety admits a KT structures

then we can find it in a effective way
( in terms of Jinx )

1- Kid
,

1-2Kxl
, 1-315×1 , .

. .



Remark ✗→ Z Fano type , i. e. ,

There exists 30 for which
-CKxtd )

ref & boy over Z & CHAI is * It .

1-marital /2- I - I

IX. 1- Ilm ) is a ② - complement over Z .

Example .I/ .
2- =pt .

→ N - 6.
E

,
KE - O .

1- comp

( ID
'

,
1-£101 t 1- £101 ) → ( i 301+1001 )

( HP
'

, 1011-1-214 + £1001 ) → 2- comp

( , { told { 111 + { 221T { 3002)→ 2-comp

( HD
'

, { 101 + ¥111T ¥1001) → (☒
'

, { 101+3-111+551001)
6- comp .



• n - dimensional Fano varieties can be "effectively "

turned into CT pairs .

•• × smooth CT of Jim n ,
then we can find

a flat degeneration ✗→ AV for which Xt≈X
.

Xo is she with n comp intersecting non - trivially .

( ①(Xo ) is Ch-12 - dimensional )
.

→ X is a maximal unipotent degeneration
→ X is a _ corgularity zero degeneration

Any component of Xo is birational to a Fano type van
in particular . any comp is rationally connected.

E

☐( us#
1-

Fano type
°>

Calabi-Yau

%÷.



Proposition 1: (Ya ) a log pair .

Ye- ✗ proj bir morphism .

If By ≥ ↳ is a ② -

comp GeCmp) : then

13=8*8-1 is a ② - comp Crop .
monotone N- comp ) of × .

Proof : By is a monotone N - comp of (T.LI ) :

i ) (T.tt ) is log canonical
,
&

ii ) N (Ky +d-c) ~ 0 .

both E- exceptional .
8*(4×+13)=1,4+13, +§,['

effective divisors
,

and they have no common comp.

E - F na e
't CK✗ + B)

E - F ~ a.× 0 .

E*CE -1--1=0
, ng

Lemma → E ≥ F } E=F=o .

neg
lemma → F ≥ E

E- thx +B) = Hit Be

← is log canonical.
NCH -it B-c) no , 6*181*-413+7 -0 NltsxtB) no ☐



Proposition -2:(✗ id) log canonical
pair .

Let X -E> X
'

be a sequence of steps of the

C- (Kita) ) - MMP . Assume (X:D ' ) is K
,
where

= : 9*4
.
Let CX:B ' ) be a N - comp of Cx:<it

.

Then IX.d) admits a N - comp .

Proof : Y

p↓ P*CK×+d ) → g-
• Ckx . + ) - F

In particular .
✗ - - -→ ×

'

OCE (X
'

.LI
' ) ≤ OLE (X-D).

g-
* Ckx't B ' ) = Hy +By

.

CY
, Be ) sub - la &

Nctrt +Be )~o

Set B- p*B-c .

IX. B) is sub - to & NCkxtB2~o

B is 2 boundary ⇔ OCECX , B) c- [as ] for all EEX .

13 OEECXKI) ≥ OLE CHILI
' ) ≥ QECX:B' ) = OCECX , B) ≥ 0

☐ .



Strategy for the conj :

by BAB coro .

✗ Fano variety of j ,.mn .µ
this is implied

2N exc1) Look at all ② - complements of × .

Famer of

7 Jim h
If all - of them are kit , then is called an

exceptional Fano
.
In this case

, we expect that
[

eloy .

to a bounded family .,,,,,,,,,,,,µ,,,,,÷[ [ re - elrx
nice weft remain * It .

big

2)
(× , B) ② - comp which is strictly la

.

(Y Bi +
Es.+Ew_ )

dlt modification .

It suffices to produce a N - comp of

CY
,
Est . . _ + Er) by Prop 1 .

=
TGS )



(T
, By + 5) dlt & try +Bits = 0

(Y
, (1+48++5) Jlt .

→ log pair .

kytcli-EIB-cts~oEB-c.no - E CK-cts )

↓ ↓
MMP MMP

(Y ', % Prop 2 is

Y - -→ Y
'

enough to complement this .

- Cky ' + S
' ) is semiampleI

2-

Replace ✗ mm> CY :S ' )



Assume (Xis ) is Ic
,

- (Kxts ) semi ample .

✗→ 2- ample model
.

2.s) Jinx - Jim 2- , - (thts ) semisimple tbrg
✓

2. c) Jim 2--0 , thx + SEO . ✓✓

how to control
2. 3) Jim Z C- { 1, . . , JimX - I} .

the coff ?

✗

.gg
Hits no @* (Kz 1- Bz + Mz)

in

Z coefficients -
are controlled

NCK ✗ +5) -0 by coeff
-5

& Jim X
.

IT
H°(NCKi+sD≠o

¥
H°( Nlkxts) )→ HINCKS task

I



2.s) JimX - Jim 2- , - (thts ) semiample tbrg
-o-

may
contract all Jin with wefts ( ! )

- (Hits ) is ample ( lose ② - factorial ) .

14%-14×-251--0 =>

1-14-④✗ + s )) → Hoc - Chis + Is ))
.

By induction on↓
the dim

log Fan/ this has 2

N'- comp.

Hi ( - NCkx+s ))→ Ho C- NCksi-L.is ))
.

N'[ Jinx -1 , coeffIs ) .

→ tonly depends on Jim X

only depend>
→ D④

on A 11

{ 1- Em lied .
meat}

Main Than of comp :
From global - to - local.



CY.de + S ) pH techniques from}MMP↓ pit blow -ups Ed

( ✗
,
in ) klt

sing of
dim n

coeffct ) C- 8- { 1-£1m c-AT}
.

+ Ay + S ) anti - ample over ×

y
strict . transform of d.

14++4 -its /s = Kota
, ←/hgFa;mn→f

N(Hst Bs ) no 1-some.tt#.reots-f
Be
-

◦≤ Bs
☒A

til - dits ))→

HT-NCKSDNCK-ci-8-rtdetsl.no
② : Is it log canonical . ?



⇔.⇒⇒

(Sobs ) not to

around S

✗

{Thm : (KB ) pair &
- Ckxtb ) ample }The non - sett locus is connected

☐



Second main theorem on complements .

Theorem 1.4 : Assume BAB conjecture in Jim n .

Cboonteds of Fano varieties with

mild singularities ]

+

Effective canonical bundle formula conj .

in Jin n

*
Existence of bounded complements

in Jim h .

Reto 2.1+2.2 . they explain how

to use the cbf to oohee 2.3
.



2. 3) Jim Z C- { 1, . . , JimX - I} .

✗

.gg
Hits no E* (Kz 1- Bz + Mz)

2-

✗ Fano type → Z Fano type

Mz 20

Find a N - complement IZZO of CZ.bz the)

N(htttbz-tflz.tt?z)~0&CZ.BztMztPz-2isk

↳ /coefficients of Ix
/ are controlled by weft

HxtStI× ≤ 0
.

of It

Nlhlxtst Ix ) ~ 0 .⇐ step 2.2

IX.St Ix ) is Ic . ⇐ N×+S&Ix no

Eb (Kz +BatMat It) .

( preserves sing
.

)

☐



✗

(Xix ) any . /
(✗ < Bise ) NctxtB) no .

I
-1 index one coyer of KxtB

has degree N.

KxtB is Cartier on Hsm

Te, (✗ smiac ) → 24N
.


